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Graphical method to predefine the coefficients of HMOs for conjugated systems (developed by

Qianer Zhang et al.)
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« For alinear [n]polyene, we have n secular equations (x = (e-E)/f3) :
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Chp +XC,1+C,=0 then x =-2cos0

- C,;tXCc,=0 & c; =sini0



6.6.1 General process for [n[polyenes

Graphical method to predefine the coefficients of HMOs for conjugated systems
(developed by Qianer Zhang et al.)
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i O 1 2 3 n-1 n n+1 T
O---@ O O y—— o O ®---O P —Zciqbi
¢, sin0  sin@ sin26 sin36 sin(n — 1)@ sinnf sin(n+1)8 =0 i=1
For a linear [n]polyene, we have n secular equations (X = (a-E)/f) -
XCy + C,=0; - ¢, =sin26 Boundary condition:
Cl + XC2 + C3: O, ...... _ S;Eose C3 =sin36@ Chi1 = Sln(n+1)6: 0
A - - 6, = 2kw/(n+1) (k=1,...,n
Ci, + XCi* Ciyq = 0; C,=sing 1 Ek , . )
: .= = a+2pcos
(cyclic formula) Ci =sinid = @+ 2pcosg

n
...... s Coq+XC,=0 c,=sinné Py = 2 ¢isin(ify)
i=1

Now recall the sine wave rule we learnt in the 15t semester! (k defines the energy level!)



* The method can be used for dealing with more complicated systems.

» Recent work developed by Prof. Zhenhua Chen can be found as “ Graphical representation
of Hiickel Molecular Orbitals” 1n J. Chem. Educ. 2020, 97(2), 448-456.

(https://pubs.acs.org/doi1/10.1021/acs.jchemed.9b00687)

« FYI: “Introduction to Computational Chemistry: Teaching Hiickel Molecular
Orbital Theory Using an Excel Workbook for Matrix Diagonalization”

in J. Chem. Educ. 2015, 92(2), 291-295.
(https://pubs.acs.org/do1/full/10.1021/ed500376q)

* after-class assignment 2: Please figure out the trends in the energies and compositions
of LUMO and HOMUO for linear and cyclic [n]ployenes, respectively! (n =
4k, 4k+1,4k+2,4k+3)

» After-class assignment 3: Ex. 29


https://pubs.acs.org/doi/10.1021/acs.jchemed.9b00687
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Frontier MO's of [n]polyene

0,= Jem E, = a+2fcos(6,) Vi~ AYm=15in(mb,) (k=12,...,n; A = [2/(n+1)]'"?)

a) When n=odd, SOMO with k =(n+1)/2, @¢,r,0 =7/2 , Eqpps0 = O Non-bonding!
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Vsomo = AMA — @+ —...) with C, = Chi1=—Cp3=4,C,=C,, =0
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_T_W(n+1)/2 12 J " of SOMO:
N- Ve  coefficients of AOs in SOMO
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Frontier MQ'’s of [n]polyene

sin@ sin20 sin(n6)
), = % E, = a+2fcos0, w, =AY _1S5inmO (k=12,...,n; A =[2/(N+1)]'/?)
a) When n=even, n/2 bonding MOs, HOMO withk=n/2, LUMO withk = (n+2)/2,
E 4 0 __nm__m 0n _(n+2)mr _m T
— ¥n HOMO ~ 2(n+1) 2 2(n+1) LUMO = 2(n+1) 2 2(n+1)
Enarg] —Wniaye i) N = 41+2
Ev N v HOMO: C,=C, C_,=C, ..., symmetric
: : asym. LUMO: C,=-C, C,,=-C, ..., anti-symmetric
E, | % v, ;':;; i)n =4
B # Vi sym. HOMO: C,=-C, C,,=-C, ..., anti-symmetric
Odd-numbered MO: coeff. sym. LUMO: C,=C, C,;=C, . symmetric

Even-numbered MOs: coeff. asym.



6.6.2 Symmetry classification: a. [n]polyenes with n=even

Symmetric MOs: (n/2) 2 1 1" 2 (n/2)’

4 e 00 0.0 6

+C,=C, (n-1) 3 1 1 3 (n-1)
cos———~=@ cos—6d cos—4@, | cos—4d cos—6 cos———6

C,=C, .., 2 2 2 2 2 2

C.,2=C2y &C,,+C,,, =2C, cosd (Cyclicformula)
Let coefficients of central atoms (1 & 1') be cos(8/2)

C.=C. = 2COSQCOSH— cosg = (COS%‘F cosg)— COS— = COS—
2T e T 2 2 2 2 2 2

C,=C, = Zcos%cose—cosg = (COS%-FCOSQ)—COSQ = cos%
2 2 2 2 2 2

(n-1)60
2

s Cnizy = C(njay = COS - Boundary condition: cos[(n+1)0/2]=0

> 6, = —n (m=0, 1,2,..., (n-2)/2) ES™ = g + 2Bcos0,

m




6.6.2 Symmetry classification: a. [n]polyenes with n=even

: (n/2) 2 1 |1 2 (n/2)’
Asymmetric MOs: 0 o000 o—0--0—0
o sin" 15 D58, —sin(912)| sin(612) sinnT_Sé’, sinnT_lé’
! 2 2

e Cl — _C]_’ 1C2 — _CZ’ yruny &Ck—l +Ck—|—l — 2Ck COS&
Let coefficients for central atoms be —sin(8/2), sin(6/2)

.. . . h-1 . h-1
Then coefficients for terminal atoms are —sin 79 and sin T6’

- Boundary condition: sin[(n+1)0/2]=0

>0 = %n (m=1,2,....n/2) EXY™ = g + 2Bcos@,

m m



6.6.2 Symmetry classification: a. [n]polyenes with n=even

_2m+1

0 =0 (m=0,1,2,..., <n/2)

n+1

n-—1 n-—3 3 1 1 E n_—3 n_—l
Sym. (Tz <7‘> (2 (2 (3) (g (3><.2 £ =+ 20cosd,
Asym. | 2] [221-E1-G1 | G C) 57 51 0, =—=n (m=12,...,0/2)

=4
Ewearz] —Wniay Thus the lowest n/2 MOs with 8., < /2 are bonding MOs.
E
", %;W”’Z n= 4k, n/2= 2k n=4k+2, n/2=2k+1
' n+2)/2= 2k+1 N+2)/2= 2k+2
E, | § i Asym. (n2) (n+2)

LUMO _n 0. = n+2 x| A m:n_-l-z 0. = n+2 -
= i—\l’s Sym. No.(n+2)/2 sym.,  m 4’ "M 2(n+1) sym., 4 > "M 2(n+1)
E, Vv, ASym.  Homo g =" "2 g —_"
B, | & \|!2 Sym.  No.n/2 Asym. 1= Do | SYM. M=, Oy =g

. . .




b. [n]polyenes with n=o0dd

[(n-1)/2] 1 o 7
Symmetric MQ's: © 0 0 0 O

cosnT_lﬁ cosnT_?’@ cosd, 1, cosd cosnT_BH cosnT_le

wC.,+C,,=2C, cosb

&Co=1,C,=C,..Crniryro) =Crnyyrsy = C, =C, =cosd

— -1
= C,=2C,cos0-1=c0s20 = ..,C  5,,= cosnTge = Cly2 = cosnTH

Boundary conditions:

cosn+19:0:> n+16,:2m+17Z 99m=2m+1
2 2 2 n+1

1 (m=0,1,2,..., (n-1)/2)

E’™ = a+ 2Bcosé,



b. [n]polyenes with n=o0dd

[(n-1)/2] 1 0o 1
O ® O 0 ©

n—3

Asymmetric MQO's:

sinn—_lé’ sin——@ sind,0,-sind —sinn—_BH —sinn—_lé’
2 2 2 2

Gy +C =2C cosd &Cy=0,C =-C,.,....CL1)/21 = Crnaysar
Let C,=-C, =siné = C, =2C,cosf =sin26
= Cygyop =SIN[(N-3)81 2] =-C 521

= Cinayroy =sIiNl(n-1)0/1 2] =-C 4,5y

n+1

Boundary condition: sin——-@=0 >0 =y (m=1,2 n—_l)
2 n+1 Y

m 2

E"™ = a + 2Bcosé,



FMOs of [n]polyenes with odd-number carbon atoms
| E,, = a+2Bcosl,
n-1 n-3 : n-3 n—1
(T) (T) (1) ]I (1) ( > ) ( > ) Hrsnym _ 2m+17t (m=0, 1,2,. n-1
O o @ g O o O 2
I

Asym. _["T—l] _["7—3] 1] [1] [nT—%] ["T-l] Hfrlfym: mn (m=1,2,..., _1)
) n=4l+1, n-1= 4l, (n+1)/2=21+1; Letm=1, 9™ =217 T 5 g%m= 24
n+1 2 n+1
Coi1 =Gz =-1, .G =6, =-1,
i) n = 4143, n-1= 4142, (n+1)/2=21+2; SOMO ~ asym. MO with m = I+1, 627"=2
=a (49 = 0,=Cy11= Cypy3 = -—Cy= Cyy4 =0, Wm0 =0 =1

—} 8_C_=8_C_8..........C

O T T o h
Simplified diagram of SOMO: 8 n=ak+1 8 8 n=4k+3 8



c. Cyclic [n]polyenes with odd-number carbon atoms: (n=odd)

[(n-J.[)/Z] 1 o Y [&1 -1)/2]'
0 0 0 0 ¢

n_

Symmetric MQO's: ; ;
COSTQ cosnTe cosd, 1, cosd cosnTH 0037«9

Boundary conditions: n+1 n—1
cos — 0 = cos > —sin%@sing =0

- Hsym — —n (m=0,1,2,.. 21) E,flym =a + Z,Bcosesym




[(n-1£/2] 1 0 1 [an-l)/Z]'
O ® O 9 © ® ©

sinn—_le sinn—_BH sind, 0, -sing —sinn—_36’ —sinn—_lé?
2 2 2 2

Asymmetric MQO's:

Boundary conditions: n+1 n—1

. . 0
—sin 6 = sin

2

=0

s, - Sing Bcos

> 6,7 = ZTmTE (m=1,2,..., nT_l) E,.;”™ = a+ 2Bcos0,)™



MOs of cyclic [n]polyenes with odd-number carbon atoms

m

Mos: 6™ =2 (m=0,12,..., 50 EZ™ = a+2fcos6;™
Asym. MOs:  g2sym szn (m=1,2,..., nT_l) E-Y" = a+ 2fcosB,.”"™
- m =0, non-degenerate MO; m > 0, doubly degenerate MOs.

Dn=4l+1, -2 myouo = (n-1)/4=l, triply occupied! = m o = I+1!
(n—-1)

2n

n+3 . 3T
O*3) i =a — 23sin—
2n 2n

_ . T
Eyomo = a + 2fcos T =a+ 2,85171% E umo = a + 2[cos

i) n=4l+ 3 2 Mqyyo = (N+1)/4=1+1, singly occupied.

n+1 . T
O+ i =a — 2f3sin—
2n 2n

Esopo = a + 2fcos



d. cyclic [n]polyenes with n=even

Symmetric MOs: (1/2) 2 1 |1 2 (n/2)’

2 o500 0.0 6
Boundary condition: cos "D cos0 coslé’, cos20 cos>0 cos g
N I 2 27 ) 27 2 2

cos——0=cos——6 > _sintosin? = 0

2 2
> 07" =2 (m=0,1,2,..., ) ES™ = a + 2Bcos03™
Asymmetric MOs: (n/2) 2 1 |1 2 (n/2)’
0 -0 0 0 0 0 0

Boundary condition: _Sin”_—lg/v_sin”_—% _sin(012)| sin(6/2) sin"=>0, sin1"1g
.n+1_  n-1 2 2 2 2
S 0 = —sin 2 -> Singecosz =0

> FI™ = 277”7: (m=1,2,..., g) ESY™ = q + 2Bcosf3>™



FMOs of cyclic [n]polyenes with n=even

Sym.MOs: 67 " = ZTmﬂ (m=0,1,2,..., nT—z) E,;)™ = a+ 2Bcos0,;™"
Asym. MOs: g > = ZTmﬂ (m=1,2,..., g) E 7" = a+ 2Bcosh,, ™

- m =0, non-degenerate sym. MO; m= n/2, non-degenerate asym. MOs.
0 <m < (n-2)/2, a total of (n-2)/2 doubly degenerate MOs.

n—2 n+2

) n=41+2, Myoye = (N-2)/4=1, B0m0 = 5= 1> Mymo =(N+2)/4 = 1+11, O, yyo = e
Enomo = a + 2[cos (n;) T =a+ Zﬂsin% E yumo = a + 2[cos (n;nZ) T=a— Zﬂsin%

1) n=4l, doubly degenerate SOMO with mggy o = N/4=I, Ogomo =T/25 Esoyo = @



e. Cyclic [n]polyenes with even-number carbon atoms: (n=even)

[n/2] [(n-2)/2] 1 o 1 [n/2]
Symmetric MO's: P i B A ! g o009 o O
nd cosd, 1, cosé no
C087 , 4, COS >
COS nt 2 0 COS(n — 1) (Note: cyclic formula)

Boundary conditions: n+2 n—?2 n 0
coS 6 = cos 8 2> —sin-0sin-=20
2 2 2 2
> 0.7 = szn (m=0,1,2,..., g) E>™ =a+ 2fcos0,”™



[n/2] 1 0 1 [n/2]
Asymmetric MQO's: nz nfz ® ® ® n‘_ ) o o
P R E A ! sin—- sin——0 sing,0,-sin¢ —sin——0gin—-
2
sin(n—1) sin (n +2 )
Boundary conditions: n n
Y sin—0 = —sin—=0 > sin=0 =0
2 2 2
> H%Sym SO (m=1,2,... n_—z) E.7" = a+ 2Bcos6,)™
n » = ) 2



f. Cyclic [n]polyenes with odd-number carbon atoms: (n=odd)

[(n-1)/2]a 1 0 1 [(n-1)/2]4
Symmetric MO's: P ¥ s AH % ! ¢ 00 © o O

COS (n _21) COS (9, 1, CSV COS (Tl _ 1)
2 T~

n+3) " (n—3)0 (n+1)
COS > = COS > COS >
Boundary conditions: n+1 n—1 . .
y COS 6 = cos V) - —smﬁesmg =0
2 2 2 2
> 6™ =2r (m=0,1,2,..., =) En = a+2fcosfy "
n 2



[n/2] 1
Asymmetric MQO's: nz n! ) ®
ﬁ% X Ei%! Sin— Sin
2 2
Boundary conditions: n n
SmEH = —SmEH

asym __ 2m _ n—2 asym
> Hm — Tﬂ: (m—1,2,...,7) Em

0 sing,0,-sing —sin

> sin=0 =0

= a + 2[cos0



cyclic [n]polyenes 77 MOs of Benzene
0=2n/n

}
k=0,1, ..., (n-1)/2 (forn cos(36) where is sin(36)??
=odd) orn/2 (for n= even)

E,=a+ 2fcos(k0)

yot = z b, cos[(m — 1) k6]
m=1

i = 2 b, sin[(m — 1)k0]
m=1

( when k0 = 0 or , no l,uii")



H,)

4n-1 41 4n~2 4n+3
* When n=4m+1 or 4m+3, the system has a singly occupied HOMO, being radicaloid.

 When n=4m, the system has two degenerate singly-occupied HOMOs (non-bonding),
thus being diradicaloid.

» Only when n=4m+2 can a cyclically conjugated system has fully occupied HOMOs
and be chemically stable. (fulfilling the Hickel rule of aromaticity!)

* Can we use the representations for cyclic groups to obtain the aforementioned trends?



MO level On=m¢ | E = a+ 2Bcos6,, w, =AY R_d cMpy Nivode
m=n/2 (n=even) T a—2p c'? = cos(kn) n/2
m=(n-1)/2 (n=0dd) | (0-Dn/n | a — 2fcos(¢/2) C" = cos(kmd) ¢V = sin(kmo) | (n-1)/2

m mao a + 2 cos(mo) C = cos(kmo) €V = sin(kmo) | m

m=1 b a + 2Bcosd Ce = cos(kg) Ci' =sin(kp) |1
LEMO m=0 0 a+ 20 =1 0




